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Abstract

Cover pebbling is a method in graph theory that was first brought about by Largias and Saks. This
topic in graph theory was used to come up with a way to calculate how much of a consumable resource
would being needed to begin transportation of said consumable resource. This paper will tackle the
basics on cover pebbling, brush upon weight pebbling, and problem 9 of the open problems that can be
found in Betsy Crull’s paper The cover pebbling number of graphs.

Problem 9: What are the Υ(G) for other graphs G, for example cubes, complete r-partite graphs,
etc.[2]

1 Introduction

The game of pebbling was first suggested by Lagarias and Saks but was introduced on paper by Chung.
Graph pebbling has origins in models for transmission of consumable goods. Pebbling is a topic in graph
theory that traditionally tackles the problem of trying to reach a specified vertex of the graph with a sequence
of pebbling moves.

A B

C D

Graph G, with vertices labeled A,B,C,D, where B is the target vertex.

Definition 1.1. Suppose you have a graph with a number of pebbles distributed on the vertices. A pebbling
move consists of taking two pebbles off a given vertex and placing one of the pebbles on an adjacent vertex
while throwing the other one away.

We will be using graph G, which is displayed previously to demonstrate these concepts. Graph G is a
specific version of a Kn graph where Kn is a complete graph on n vertices. A complete graph is where
each vertex is adjacent to all other vertices. Each version of G will use the same labels for vertices however
will consist of a varied amount of pebbles, which will be configured differently to display the fact that the
configuration of the pebbles does not matter in the topic of pebbling numbers and cover pebbling numbers.
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An example of a pebbling move. The support is vertex A and the target is vertex B denoted with a red
circle.

Given a graph, G with a specified number of pebbles that are configured on the vertices. We wish to
move at least one pebble to any target vertex through a series of pebbling moves.

Definition 1.2. The pebbling number of a graph G, denoted as π(G), is the minimum number of pebbles
that are needed to reach any target vertex regardless of the configuration of the pebbles.

A visual of a proof idea for the pebbling number of G consists of placing three pebbles on all of the white
vertices of the graph and noting that we would need a fourth pebble to complete a pebbling move and reach
our target vertex. This would be the worst case scenario as all vertices besides the target has one pebble
placed on it, while there is not possibility for a pebbling move to occur.

Note that the left version of the graph G does not contain enough pebbles to complete a pebbling move to
reach the target. However the right version of the graph G, one of the vertices contains two pebbles and a
pebbling move can be made to reach the target. Below is the graph after the pebbling move was made.

Through this visual idea we can see that the pebbling number for our graph G is four pebbles. Since the
graph G is congruent to the complete graph of (K4) we can hypothesis that for a graph (Kn) where n is the
number of vertices we have that π(Kn) is always n.
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Theorem 1.3. The pebbling number for π(Kn) is always n.

Proof. Suppose that we have a complete Kn graph where n is the number of vertices, and that there is a
specified number of pebbles on Kn. We shall make the target vertex Vn.

Case 1: Suppose that we have n-1 pebbles on a graph. These pebbles must be configured on the graph
where there are no pebbled on Vn, since if there was a pebble on Vn we would have obtained our target
concluding the proof. Since there is no pebble on Vn, we can configure the n-1 pebbles to cover the remaining
n-1 vertices thus each vertex has exactly 1 pebble placed on it and no pebbling move can be made. Thus
π(Kn) > n− 1.

Case 2: Suppose that we have n+1 pebbled on Kn. If we make sure that no pebbles are covering Vn, we
will have n+1 pebbles to cover n-1 vertices thus no matter the configuration of the pebbles we will have a
vertex where there are two or more pebbles placed on it. Therefore we can make a pebbling move and reach
Vn. Hence we can say that π(Kn) ≥ n+ 1.

Since π(Kn) > n−1 and π(Kn) ≥ n+1 we can use the pigeonhole hole principle to see that π(Kn) = n.

2 Cover Pebbling

Cover pebbling is a topic in graph theory that deals with the problem of how to cover all vertices of a graph
with at least one pebble. The cover pebbling numbers of graphs does not matter the configuration of the
pebbles on Graph G when the problem is started but rather the total number of pebbles on the vertices of
G. This shows that we are able to jumble around the pebbles and there will always be a series of pebbling
moves that is able to leave graph G with exactly one pebble on each vertex.

Definition 2.1. A cover pebbling number, given a graph G is denoted as Υ(G), is the minimum number
of pebbles needed to simultaneously place a pebble on every vertex of the graph using a sequence of pebbling
moves regardless of the initial configuration.

Definition 2.2. A graph is cover-solvable if it is possible to transport at least one pebble to every vertex, v,
of the graph simultaneously. We state the graph is a non-coverable otherwise.

A cover-solvable graph does not depend on the number of vertices or pebbles but rather is a description
of a graph and its characteristic that shows that the cover pebbling number indeed covers all of the graphs
vertices.

Lemma 2.1. Υ(Kn) = 2n− 1 where n is a N.
Below is an example of a configuration on the graph G, where there are five pebbles on vertex A and two

pebbles on vertex D. We will be using this configuration of G to show an example of how to cover a graph
using pebbling moves.

The pebbling moves are described in the chart below. Each column denotes the number of pebbles on
the vertex after a pebbling move is made.

Vertex A Vertex B Vertex C Vertex D

5 0 0 2
5 1 0 0
3 1 1 0
1 1 1 1
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3 Weighted Cover Pebbling

In this section we will be looking at the concept of weighted cover pebbling and how the idea of a set number
of pebbles needing to be on particular vertexes changes the formula for the cover pebbling of a graph. The
weight function of a graph is the number of desired pebbles on each vertex of any given graph. Like cover
pebbling we want to complete a series of pebbling moves to place pebbles on each of the vertices, the only
difference is there is a predetermined desired number of pebbles for each vertex.

The weights of a graph are the desired number of pebbles for each particular vertex on a graph G. Below
is the same graph G with the desired vertex weights, number of pebbles, denoted by the numbers in each
vertex.

1 2

2 1

We will continue to refer to both to the above graph and the original graph G for their labels and weights
as we begin to look at the weighted cover pebbling number, denoted at Υw(Kn) where n is the number of
vertices and w is the weighted function.

We will prove this formula below but as an example consider graph G with is predetermined weights
and not that Υw(Kn) = 2|w| −min(w) where |w| denotes the number of pebbles in the graph Kn and the
min(w) is the weight of the vertex with the least desired pebbles.

By applying the formula to the graph above we obtain: 2(6)− 1 = 11

We now can see that we will need at least eleven pebbles to cover our graph. We can now arrange these
eleven pebbles in any configuration on the graph. Below is an example configuration.

Through a series of pebbling moves we can see that we are able to obtain the desired weights. The
pebbling moves are described in the chart below. Each column denotes the weights of the vertex after a
pebbling move.
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Point A Point B Point C Point D

5 1 3 2
3 1 4 2
3 2 2 2
3 2 3 0
1 2 4 0
1 2 2 1

Now lets consider the worst case scenario where we have eleven pebbles, however they are not spaced
out randomly on the graph. Rather all are placed on one vertex. In this example all the pebbles are placed
on vertex A of graph G. This concept will be the basis of the proof for the formula to find the weighted
cover pebbling number. The pebbling moves are described in the chart below. Each column denotes the
weights of the vertex after a pebbling move. The end result will be the A, B, C, D configuration with the
corresponding weights from the previous example.

Point A Point B Point C Point D

11 0 0 0
9 1 0 0
7 2 0 0
5 2 1 0
3 2 2 0
1 2 2 1

Theorem 3.1. Υw(Kn) = 2|w| −min(w) for a positive weight function w. Where |w| denotes the number
of pebbles in the graph Kn and the min(w) is the weight of the vertex with the least desired pebbles.

Proof. Case 1: Consider a completed graph whose vertices all have a weight of one. By Lemma 1.1 we know
that Υ(Kn) = 2n− 1.

Case 2:Consider a completed graph whose vertices all have predetermined desired weights. Now place
2|w| −min(w) − 1 pebbles on any given vertex on K, call this Vn. Then 2w pebbles will be used to cover
each of the n-1 other vertices because each vertex in a kn graph is adjacent to all vertices in the same graph,
thus the remaining pebbles will be less then the min(w) and vn will not be covered. Hence we have shown
that Υw(Kn) ≥ 2|w| −min(w).

Case 3: Considering the same generic graph from case 2, now suppose that at least 2|w|−min(w) pebbles
placed on the vertices. We may suppose that some vertex,Vn, that has no pebbles on it, otherwise the graph
is already covered. The pigeonhole principle says that some other vertex has at least 2min(w) pebbles on
it; we use those to cover vn. We need at least 2min(w) pebbles since we picked Vn arbitrarily we need
to account for the least amount of pebbles needed to cover any given vertex. Since we know that at least
2|w| −min(w)− 2 pebbles are among the remaining n-1 vertices we can say that we are able to cover all the
remaining vertices. Hence Υw(Kn) ≤ 2|w| −min(w).

Since Υw(Kn) is both less than or equal to and greater then or equal to Υw(Kn) = 2|w| −min(w).

4 Cover Pebbling of Paths

In this section we will be looking at the cover pebbling number of Paths.

Definition 4.1. A path is a sequence of vertices and edges that contains no repeat vertex or edge.

Since there is no repetition of vertices or edges if the pebbles are placed on a vertex one would need to
move multiple pebbles on to the next vertex to then make a move on the following vertex.
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An example: Given this small three vertex path, with four pebbles on its left most vertex we can see
that we need to move two pebbles on to the middle vertex to then make a pebbling move to reach the right
most vertex. Each graph represents the results after one pebbling move was made.

Theorem 4.2. Υ(Pn) = 2n − 1 Where Pn is a path with n vertices.

Proof. If 2n − 2 pebbles are placed on a vertex, covering a vertex v1 will use 2n − 1 pebbles, and covering a
vertex V2 will use 2n − 2 pebbles where v1 and v2 are ends of the path. Thus covering vn − 1 will use two
pebbles. Then no pebbles will remain to cover vn. Hence Υ(Pn) ≥ 2n − 1.

Suppose that at least 2n − 1 pebbles placed on the vertices. If we have no pebbles on vn then we may
use at most 2n − 1 pebbles to cover the vertex and the remaining 2n − 1− 1 pebbles can cover Pn − 1. We
know that Υ(P1) = 1. If we have more the two pebbles on vn we can move as many pebbles as possible to
vn − 1, leaving only one or two pebbles on vn. Thus at least 2

n − 1− 1 pebbles have been moved to vn − 1
and at most 2n − 1− 2 moves have been made. Therefore no more then two pebbles stay on vn. In all cases
we have at least 2n − 1− 1 pebbles remain on Pn − 1. Thus Υ(Pn) ≤ 2n − 1.

Since Υ(Pn) ≥ 2n − 1 and Υ(Pn) ≤ 2n − 1 we can state that by the pigeon hole principle that Υ(Pn) =
2n − 1

A visual for this proof is shown below. Given a graph P, who has five vertices, we will proceed to follow
the proof to show an example of the cover pebbling of this particular path.

C

D

B

A

E

Using Theorem 4.1 we can state that the graph above would need 25− 1 = 31 pebbles to cover the whole
graph. To complete a visual proof we will look at the worst case scenario, placing all the pebbles on one
vertex, B, as depicted by the red circle in the following graph.
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Below is a chart that will depicted the number of pebbles on each vertex after a pebbling move has been
completed. The goal is to end up with exactly one pebble on each vertex when all the pebbling moves are
complete.

Vertex A Vertex B Vertex C Vertex D Vertex E

0 31 0 0 0
0 29 1 0 0
0 27 2 0 0
0 25 3 0 0
0 23 4 0 0
0 21 5 0 0
0 19 6 0 0
0 17 7 0 0
0 15 8 0 0
0 13 9 0 0
0 11 10 0 0
0 9 11 0 0
0 7 12 0 0
0 5 13 0 0
0 3 14 0 0
0 1 15 0 0
0 1 13 1 0
0 1 11 2 0
0 1 9 3 0
0 1 7 4 0
0 1 5 5 0
0 1 5 3 1
0 1 5 1 2
0 1 5 3 0
0 1 5 1 1
0 2 3 1 1
0 3 1 1 1
1 1 1 1 1

We can see through this example of how we needed to move all the pebbles over from vertex to vertex
to cover the farthest vertex.
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5 “Open Problems”

In Betsy Crull’s The Cover Pebbling of Graphs there is a section that asks a series of open problems relating
to pebbling numbers and cover pebbling numbers. This section will address problem nine to this section:

Find Υ(G) for other graphs G, for example cubes, complete r-partite graphs, etc.

We will be going over how to cover a 3D cube in this section.

5.1 Cover Pebbling of a Cube

Due to the nature of the three dimensional shape the idea of a cover pebbling number for cube becomes in
slightly different type of problem. Since there is no edges between diagonal vertices we can hypothesis that
we will need more pebbles then we would need on the complete graph like explained in section two. Below
is an example of a labeling for a 3D cube.

A D

F G

B C

E H

Following the mathematics from the cover pebbling numbers of a Kn in section 2, we can make an
educated guess and use the formula 2n− 1. Since a cube does not consist of any complete graphs, we know
we will need more pebbles to cover the farthest pebbles. Using the fact that the farthest pebble is three
pebbling moves away, and there is three pebbles that are at least two pebbling moves away, we will up the
amount of pebbles that we originate with to 3n − 1 pebbles. This will give us 23 pebbles to start with. If
we follow the worst case scenario of placing all the pebbles on a singular vertex we will see that we will need
more pebbles to the graph. This is because the cube is not a complete K8 graph. In this example we will
place all the pebbles on vertex A denoted by the red vertex.

A D

F G

B C

E H

If we assume that we want only a weight of one on each vertex, we can see how many pebbles we would
need to determine in a 3D cube is a cover-solvable graph. If we follow the proof for a path we can see that
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we will need to continue to move pebbles on to an adjacent vertex to be able to make a pebbling move to
the next adjacent vertex. Note that the vertex denoted in blue blue, (V.(H)) will use the most pebbles to
reach as this vertex is the farthest from our red vertex, denoted as V.(A).

A D

F G

B C

E H

By following the worst case scenario of all pebbles being placed on one vertex and the logic of trying to
reach the furthest vertex from the starting point first we create a chart as follows. Just like in the previous
charts each row depicts the number of pebbles on each vertex after a pebbling move was made.

V.(A) V.(B) V.(C) V.(D) V.(E) V.(F) V.(G) V.(H)

23 0 0 0 0 0 0 0
21 1 0 0 0 0 0 0
19 2 0 0 0 0 0 0
19 0 0 0 1 0 0 0
17 1 0 0 1 0 0 0
15 2 0 0 1 0 0 0
15 0 0 0 2 0 0 0
15 0 0 0 0 0 0 1
13 0 0 0 0 1 0 1
11 0 0 0 0 2 0 1
11 0 0 0 0 0 1 1
9 0 0 0 0 1 1 1
7 0 0 0 0 2 1 1
7 0 0 0 1 0 1 1
5 0 0 1 1 0 1 1
3 0 0 2 1 0 1 1
3 0 0 0 1 1 1 1
1 0 0 1 1 1 1 1

Note that this does not give us enough pebbles to cover the entire cube.
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This would leave us with a graph that looks like the one below where the number of dots in each vertex
denotes the number of pebbles on the vertex. Note that if we were to begin four more pebbles then we
originated then we would be able to complete the cover pebbling of the cube and show that there is at least
one configuration in which a 3D cube is cover-solvable.

Note We will need at least need four more pebbles to cover the cube as we still need to cover vertex D
and vertex F with one pebble. Thus we can state that we will need 27 pebbled to cover a 3D cube which is
equivalent to 33 = 27 which can be found in Hurlbert and Munyan’s proof below.[3]

Theorem 5.1. The cover pebbling number of a d-cube is Υ(Qd) = 3d where d is the dimension of the cube.
[3]

Proof. Our proof borrows an idea from Chung’s proof that π(Q) = 2d. [1] Using induction, she proved
the extra statement that Qd had the 2-pebbling property. A graph G has this property if, from every
configuration C that satisfies |C| ≥ 2π(G)− |σ(C)|+ 1, one can place 2 pebbles on any specified target. It
is a curious property that suggests that more concentrated configurations require greater size to maintain
power. For example, if C is a cover on Qd then it needs only to be of size n + 1 to 2-pebble an arbitrarily
chosen target, while if it is simple then it needs to be of size 2n instead. [3]

6 Open Problem: Cover Pebbling of Complete r-partite graphs

Question 9 of Besty Crull’s open problems in her paper The Cover Pebbling Number of Graphs asks about
more then just the cover pebbling number of cubes, she also mentions r-partite graphs. Below is an example
of an r-partite graph.

D

B E

A

C

F

G
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Definition 6.1. A r-partite graph is a graph whose vertices can be partitioned into r disjoint sets so that no
two vertices within the same set are adjacent.

Lemma 6.1. ΥKs1,s2,s3,...,sr = 4s1 + 2s2 + 2s3 + · · ·+ 2sr − 3. Where

s1 ≥ s2 ≥ · · · ≥ sr

This question remains open in this paper, as this graph does not follow the concepts of either, a path or
complete graph, which made the formula for the any r-partite graph that we could configure difficult to find.
However Nathaniel G. Watson was able to find a formula that works for all r-partite graphs, their results
can be found in Lemma 6.1 and their proof can be found within their paper[4]
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